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S W R Y  
Ex i s t ing  frequency domain modal frequency and damping analysis methods 
are d iscussed .  The e f f e c t s  of t runca t ion  i n  t h e  Laplace and Four ie r  t r a n s -  
form d a t a  a n a l y s i s  methods are descr ibed i n  d e t a i l .  Methods for e l imina t ing  
t runca t ion  e r r o r s  from measured damping are presented .  Impl ica t ions  of 
t r u n c a t i o n  e f f e c t s  i n  fast  Four i e r  t ransform a n a l y s i s  are d iscussed .  Limited 
comparison wi th  test  d a t a  i s  presented .  
INTRODUCTION 
F l i g h t  f l u t t e r  t e s t i n g  i s  gene ra l ly  a timerconsuming procedure.  It 
involves  t h e  i n s t a l l a t i o n  of complex e x c i t a t i o n  genera tors  such as vanes ., 
i n e r t i a  e x c i t e r s ,  or impulsive devices  ( r e f .  1) as w e l l  as t h e  response 
t r ansduce r s  and t h e  a s soc ia t ed  e l e c t r o n i c  equipment. During f l i g h t  t e s t i n g ,  
many f l i g h t s  are r equ i r ed  t o  f u l l y  explore  t h e  a i r c r a f t  c r i t i c a l .  f l i g h t  spec- 
t r u m ,  producing a l a r g e  amount of t e s t  d a t a  which must be subsequent ly  analyzed. 
Considerable s i m p l i f i c a t i o n  i n  equipment i n s t a l l a t i o n  may be obta ined  i f  
tu rbulence  e x c i t a t i o n  can be used in s t ead  of mechanical e x c i t a t i o n .  I n  any 
even t ,  atmospheric tu rbulence  and buf fe t  degrade t h e  response d a t a  from a l l  
t ypes  of mechanical e x c i t a t i o n ,  except f o r  random e x c i t a t i o n ,  where it would 
most probably h e l p  more than  h inde r  ( r e f .  2 ) .  Thus, t h e  a v a i l a b i l i t y  of  
s u i t a b l e  random response analysis methods, i n  add i t ion  t o  t h e  e x i s t i n g  har- 
monic ana lys i s  methods, would be a g rea t  advantage. The random a n a l y s i s  
methods, l i k e  t h e  cu r ren t  harmonic ana lys i s  methods, p l a c e  t h e  burden of d a t a  
reduct ion  on t h e  computer, which., when used i n  t h e  i n t e r a c t i v e  mode w i t h  t h e  
t e s t  engineer ,  can provide a basis f o r  real-time f l u t t e r  t e s t i n g .  
The e x c i t e r  i n s t a l l a t i o n  and d a t a  a c q u i s i t i o n  and a n a l y s i s  problems are 
f u r t h e r  compounded i n  space s h u t t l e  t ype  v e h i c l e s ,  where weight i s  o f  para- 
mount importance and t h e  c o s t  of explor ing the e n t i r e  c r i t i c a l  f l i g h t  spectrum 
wi th  many f l i g h t s  p roh ib i t i ve .  The nons ta t ionary  na ture  of t h e  f l i g h t  envi- 
ronment and t h e  r e l a t i v e l y  s h o r t  dura t ion  of each f l i g h t  w i th in  t h e  atmosphere 
p l ace  a premium on t h e  need f o r  t r a n s m i t t i n g  as much response d a t a  as p o s s i b l e ,  
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and as quick ly  as p o s s i b l e ,  t o  t h e  ground s t a t i o n .  An inc rease  e i t h e r  i n  t h e  
rate of sampling o f  t he  t r ansduce r s ,  or i n  t h e  number of  t r ansduce r s ,  i s  pos- 
s ib le ,  i f  t h e  d a t a  sample l e n g t h  can be  reduced without a loss i n  t h e  accuracy 
of  t h e  a n a l y s i s .  
A reduct ion  i n  t h e  sample l eng th  o f  t h e  random response d a t a  i s  accom- 
panied by a r educ t ion  i n  t h e  s t a t i s t i c a l  accuracy of  t h e  frequency domain 
modal response s p e c t r a .  The s t a t i s t i c a l  accuracy can be r e s t o r e d  at t h e  
expense of r e s o l u t i o n  through a corresponding inc rease  i n  t h e  e f f e c t i v e  anal-  
y s i s  bandwidth. This  i n c r e a s e  i n  a n a l y s i s  bandwidth produces a t r u n c a t i o n  
e f f e c t  i n  t h e  response s p e c t r a .  The t r u n c a t i o n  e f f e c t  can occur i n  t h e  fre- 
quency domain modal a n a l y s i s  der ived  from t h e  Four ie r  t ransform of not  only 
t h e  impulse response t i m e  h i s t o r y  but  a l s o  t h e  cross-  and au to -co r re l a t ion  
func t ions  o f  response due t o  random and impulse-type e x c i t a t i o n s .  
The e f f e c t  o f  t r u n c a t i o n  is  s tud ied  by us ing  a single-degree-of-freedom 
system. E x i s t i n g  frequency domain harmonic a n a l y s i s  methods are b r i e f l y  
d iscussed  as an in t roduc t ion  t o  t h e  t r u n c a t i o n  e f f e c t  and t o  i l l u s t r a t e  t h e  
format of t h e  d a t a  p re sen ta t ion .  
HARMONIC ANALYSIS 
The s imples t  method f o r  ob ta in ing  a i r c r a f t  modal frequency and damping 
d a t a  i s  through s t i c k  pu l se  generated f ree  decay d a t a  ( f i g s .  1 and 2 ) .  
eve r ,  narrow band f i l t e r i n g  i s  r equ i r ed  bo th  t o  i s o l a t e  each mode i n  t u r n  and 
t o  minimize n o i s e  due t o  t h e  presence of  t u rbu lence .  
squares  f i t  methods such as t h e  Moving Block Analysis  ( r e f .  3) can be used 
t o  o b t a i n  damping d a t a  from t h e  l o g  decrement of t h e  decay once t h e  resonant  
f requencies  have been i d e n t i f i e d  by s p e c t r a l  a n a l y s i s .  
How- 
Computerized least 
S t i c k  p u l s e s ,  i n  gene ra l ,  may not e x c i t e  a l l  t h e  modes of  i n t e r e s t  and 
may produce an  unconservat ive estimate of  t h e  damping. For c l o s e  resonances,  
narrow band f i l t e r i n g  m a y  no t  i s o l a t e  each mode, r e s u l t i n g  i n  a b e a t i n g  decay 
response ( f i g .  1). Under such circumstances,  it is  p o s s i b l e  t o  extract  
meaningful data only  i f  t h e  modal damping and amplitudes are comparable i n  
each of t h e  modes. It is ,  however, p o s s i b l e ,  through t h e  Four i e r  t ransform,  
t o  t ransform t h e  decay d a t a  i n t o  t h e  frequency domain ( f i g s .  3 and 4) and 
thereby  r e so lve  %he modes. 
This Four i e r  t ransform process  can be i l l u s t r a t e d  mathematically by 
cons ider ing  t h e  r e l a t i o n s h i p  between t h e  response y ( t )  o f  a l i n e a r  system and 
a genera l  f o r c e  x ( t )  , given by 
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where h ( 7 )  i s  t h e  impulse response funct ion of t h e  system a t  t ime 7.  For a 
single-degree-of-freedom system, t h e  impulse response func t ion  i s  given by 
where : 
m i s  t h e  general ized m a s s ,  
wr 
6 
i s  t h e  angular resonant fyequency, and 
i s  the  viscous damping c o e f f i c i e n t .  
I f  t h e  force  i s  of  s u f f i c i e n t l y  s h o r t  durat ion t h a t  it can be considered 
t o  be an impulse I 6 ( t ) ,  where 6 ( t )  is  the del ta  funct ion,  then  the  response 
t i m e  h i s t o r y  reduces t o  
The response spectrum y(  iw)  , obtained from Fourier  t ransform of t h e  
time h i s t o r y  (eq .  (l)), i s  r e l a t e d  t o  t h e  force  spectrum x(iw) by 
where H ( i w )  i s  t h e  frequency response funct ion of t h e  system. 
degree-of-freedom system, 
For a s ingle-  
The Fourier  transforms o f  t h e  response y ( t )  and t h e  fo rce  x ( t )  a r e  
def ined by 
and 
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r e s p e c t i v e l y .  
fo rce  spectrum reduces t o  
Again, i f  x ( t )  can be  cons idered  an impulse I 6 ( t ) ,  t hen  t h e  
T I x ( i o )  = - 
27r 
and t h e  response spectrum t o  
which i s  simply t h e  system frequency response func t ion  m u l t i p l i e d  by a 
cons t an t .  
Two formats  can be used i n  t h e  p r e s e n t a t i o n  of t h e  frequency domain 
response d a t a .  
t h e  resonant  frequency is  l o c a t e d  approximately a t  t h e  peak response,  and t h e  
v iscous  damping c o e f f i c i e n t ,  which i s  tw ice  t h e  s t r u c t u r e  damping, i s  obta ined  
by d iv id ing  t h e  h a l f  power po in t  bandwidth by twice t h e  resonant  frequency. 
I n  t h e  response modulus vs  frequency p r e s e n t a t i o n  ( f i g .  3) , 
It i s  a c c u r a t e  f o r  wel l -separated modes. For c l o s e  modes, as t h e  modulus 
r ep resen t s  t h e  t o t a l  response vec to r  from t h e  o r i g i n  and not  n e c e s s a r i l y  t h e  
modal v e c t o r ,  e r r o r s  i n  t h e  measured modal frequency and t h e  viscous damping 
c o e f f i c i e n t  may r e s u l t .  
by t h e  f a i l u r e  t o  r e so lve  t h e  h a l f  power p o i n t s  ( f i g .  3 ) .  
The e x t r a c t i o n  of modal damping may even be prevented 
To overcome t h e s e  l i m i t a t i o n s ,  bo th  amplitude and phase are r e t a i n e d  and 
presented  i n  a format of a Nyquist p l o t  ( f i g .  4) i n  which t h e  real  p a r t  of 
t h e  response i s  i n  phase and t h e  imaginary p a r t  i s  out  of  phase r e l a t i v e  t o  
t h e  e x c i t a t i o n .  This method of  modal a n a l y s i s  w a s  f i r s t  suggested by Kennedy 
and Pancu ( r e f .  4). 
curve where t h e  rate of change i n  a r c  l e n g t h  wi th  frequency i s  a t  a maximum. 
The viscous damping c o e f f i c i e n t  i s  obta ined  from t h e  h a l f  power p o i n t s  as 
previous ly  descr ibed  or by f irst  measuring t h e  angle  Ip subtended a t  t h e  modal 
o r i g i n ,  by t h e  a r c  between any frequency po in t  f and t h e  resonant  frequency 
po in t  f and t h e n  us ing  t h e  r e l a t i o n s h i p  
The resonant  frequency i s  l o c a t e d  a t  t h e  p o i n t  on t h e  
r' 
A s t r o n g  feature of t h e  Nyquist p l o t  response d a t a  r e p r e s e n t a t i o n  i s  
t h a t  mode shapes can be i d e n t i f i e d  by means o f  t h e  modal response vec to r .  
The more common method o f  genera t ing  t h e  response Nyquist p l o t s  i s  by 
means of  a slow s i n e  sweep us ing  mechanical i n - f l i g h t  e x c i t a t i o n ,  such as 
i n e r t i a  e x c i t e r s ,  i n  which t h e  fo rce  output  i s  used as re fe rence .  This  method 
has  been computerized f o r  multimodal a n a l y s i s  ( r e f .  5 ) ,  employing a l e a s t  
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squares  curve f i t  technique t o  minimize t h e  e f f e c t  of extraneous no i se  and 
used i n  a computer / tes t  engineer  i n t e r a c t i v e  mode f o r  f l u t t e r  t e s t i n g .  
I n  t ransforming  t h e  free decay d a t a  as previous ly  d i scussed ,  no t runca-  
t i o n  e f f e c t s  w e r e  observed due t o  t h e  r e l a t i v e l y  high modal damping and t h e  
need f o r  i nc lud ing  one bea t  as a m i n i m u m  i n  t h e  decay sample. I n  t h e  second 
example of  a s t i c k  pu l se  e x c i t e d  decay ( f i g .  21, t h e  decay w a s  prematurely 
t runca ted  a f t e r  one and f i v e  seconds t o  i l l u s t r a t e  t h e  effect  on t h e  frequency 
domain response ( f i g .  5 ) .  The Nyquist p l o t s  of  t h e  response become more ova l  
i n  appearance as t h e  decay sample du ra t ion  i s  p rogres s ive ly  reduced. 
Nyquist p l o t s  are analyzed by t h e  convent ional  method desc r ibed  above, uncon- 
s e r v a t i v e  estimates of  t h e  damping are ob ta ined ,  
t o  ob ta in  u s e f u l  damping d a t a  from t h e s e  Nyquist p l o t s ,  a method e l imina t ing  
t h e  e f f e c t  of t r u n c a t i o n  from t h e  damping must f i r s t  be developed. 
If t h e  
(See table 1.) I n  o r d e r  
TRUNCATION THEORY 
Due t o  t h e  s i m i l a r i t y  between t h e  c ros s -co r re l a t ion  and t h e  impulse- 
response func t ions  wi th  t h e  au to -co r re l a t ion  func t ion  Ryy ( 7 )  of a s i n g l e -  
degree-of-freedom system e x c i t e d  by a cons tan t  spectrum f o r c e ,  Sp ( ref .  2 )  
and def ined  by 
it i s  only necessary t o  d e s c r i b e  t h e  equat ions  f o r  any one of  t h e  above 
f u n c t i o n s ,  The impulse-response func t ion  and t h e  c ros s -co r re l a t ion  func t ion  
of a single-degree-of-freedom system, when e x c i t e d  by cons tan t  spectrum f o r c e ,  
e x i s t  only f o r  p o s i t i v e  t i m e .  
I f  t h e  Laplace t ransform or t h e  s ing le-s ided  Four ie r  t ransform of the 
a u t o c o r r e l a t i o n  func t ion  of t h e  response Ryy (7) i s  used, w i th  limits of in te -  
g r a t i o n  from zero t o  i n f i n i t y ,  i n s t e a d  of t h e  f u l l  Four ie r  t ransform,  phase 
information i s  r e t a i n e d  i n  t h e  response spectrum ( r e f .  2 ) .  
response spectrum S ( i w )  i s  g iven  by 
The r e s u l t i n g  
s ( i w )  = sP (e H ( i w )  + 2 6  H ( i o )  
4mwr 6 
S( i w )  The c h a r a c t e r i s t i c  response func t ion  -
This method 
sP 
frequency response func t ion  H ( i o ) .  
has  p r o p e r t i e s  similar t o  t h e  
provides  a powerful t o o l  i n  
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modal response a n a l y s i s  of  random as w e l l  as impulse response d a t a  i n  t h e  
frequency domain. 
damping and frequency can b e  employed as long  as no t r u n c a t i o n  e f f e c t  i s  
p resen t  e 
The p rev ious ly  desc r ibed  methods for e x t r a c t i n g  t h e  modal 
I f  we l e t  y ( t )  r ep resen t  any of t h e  above t i m e  f u n c t i o n s ,  w i th  t h e  
understanding t h a t  t hey  exist  only  f o r  p o s i t i v e  t i m e ,  t h e  complex response 
spectrum y ( i w )  i s  obta ined  from Four i e r  t ransform o f  y ( t ) .  
- i w t  d t  1 y( iw)  = - 2n 
where y ( t )  = 0 f o r  t < O  
I n  r e a l i t y ,  t h e  response t i m e  h i s t o r y  i s  t r u n c a t e d  a t  some f i n i t e  
The r e s u l t i n g  e s t ima ted  response spectrum y( iwl)  ( r e f .  6 )  i s  A t i m e  Tm. 
g iven by t h e  r e l a t i o n s h i p  
(13) 
- i w  t 
d t  
where D ( t )  i s  t h e  weight ing or t h e  t r u n c a t i o n  func t ion .  
Three weight ing func t ions  ( r e f .  7 )  are considered i n  t h i s  paper .  They 
are t h e  "do-nothing" or t h e  boxcar weight ing ,  g e n e r a l l y  def ined  by 
D ( t )  = 1 f o r  - T m < t < T ,  
= 0 elsewhere 
t h e  Hanning weight ing  func t ion  def ined  by 
D ( t )  = (1 + COS f o r  - T m < t ,  < T m  
2 
= o  e l  sewhere 
and t h e  Ba r t l e t t  weight ing func t ion  de f ined  by 
f o r  - Tm < t <  T m  
(16) 
= o  elsewhere 
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The reverse  Fourier  t ransform f o r  t h e  respoase is  given by 
Y ( t )  = 
On s u b s t i t u t i n g  f o r  y ( t )  i n  equation (14) and rearranging t h e  order  of t h e  
i n t e g r a t i o n ,  t h e  est imate  of t h e  spectrum becomes 
where 
- i ( w  -o)t Tm 
D ( t , )  e d t  y ( i o ) d w  
A 1 
2T 
y ( i o )  = - 
Trn -i (wl- w) t 
D ( t )  e d t  1 Q(u~-u)  = -  2n 
Q(o -w) i s  r e f e r r e d  t o  as t h e  s p e c t r a l  window. The weighting func t ions  
def ined &y equat ions (16) t o  (18) and t h e  corresponding s p e c t r a l  windows a r e  
i l l u s t r a t e d  i n  f i g u r e  6 .  
s p e c t r a l  windows a r e  complex ( r e f .  6 and 8)  s ince  t h e  weighting func t ions  a r e  
one s ided and e x i s t  only i n  p o s i t i v e  time from zero t o  7 . m 
I n  t h e  app l i ca t ion  discussed i n  t h i s  paper,  t h e  
TRUNCATED DATA REDUCTION 
For a l i n e a r  system exc i t ed  by random f o r c e  (or impulse) of constant  
s p e c t r a l  dens i ty ,  t h e  response spectrum y ( iw)  i s  propor t iona l  t o  t h e  frequency 
response func t ion  of t h e  system. 
frequency response funct ion of a single-degree-of-freedom system and a 
constant force  spectrum, has been in t eg ra t ed  by using contour in t eg ra t ion  
f o r  t h e  "do-nothing" and t h e  B a r t l e t t  weighting i n  re ferences  6 and 8 ,  respec- 
t i v e l y .  It has r ecen t ly  been solved by t h e  author  f o r  t h e  Hanning weighting. 
A t y p i c a l  e f f e c t  of t h e  t r u n c a t i o n  due t o  t h e  Hanning weighting i s  i l l u s t r a t e d  
i n  f i g u r e  7 .  The single-degree-of-freedom response p l o t s  have been normalized 
r e l a t i v e  t o  t h e  untruncated p l o t .  
only i n  t h e  degree of  t runca t ion  e f f e c t .  The "do-nothing" weighting func t ion ,  
while  exh ib i t i ng  t h e  smallest t runca t ion  e f f e c t ,  s u f f e r s  from t h e  undes i rab le  
s i d e  lobes ( f i g .  5 )  which may be mistaken f o r  modes o r  may i n t e r f e r e  wi th  
o the r  nearby modes. The Bart le t t  weighting func t ion  s u f f e r s  a g rea t e r  resolu-  
t i o n  l o s s ,  as can be seen by comparing f i g u r e  8 with f i g u r e  5. 
Equation (lg), with y ( iw)  replaced by t h e  
The o t h e r  two weighting func t ions  d i f f e r  
The resonant frequency i s  s t i l l  i d e n t i f i e d  by t h e  peak r a t e  of change of 
a rc  length  with frequency, but  t h e  procedure f o r  es t imat ing  t h e  damping from 
t h e  t runca ted  curves i s  d i f f e r e n t  f r o m t h e  methods previous ly  descr ibed.  A t  
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f i r s t  ( r e f .  6 and 8 ) ,  the  damping coe f f i c i en t  w a s  ex t rac ted  w i t h  t h e  assist- 
ance of a nondimensional parameter defined by t h e  peak rate of  change of a rc  
length w i t h  frequency, divided by t h e  r ad ius  of  curvature at t h e  resonant 
frequency, from t h e o r e t i c a l l y  predicted curves.  I n  t h e s e  curves, t h e  above 
parameter i s  p l c t t e d  as a func t ion  of t h e  resonant frequency mul t ip l ied  by 
t h e  t r u e  damping coe f f i c i en t .  
use i n  high frequency s t r u c t u r a l  response s tud ie s  and consequently are 
unsuitable f o r  f l u t t e r  d a t a  ana lys i s  due t o  t h e  r e l a t i v e l y  low a i r c r a f t  
response frequencies.  
These curves were o r i g i n a l l y  developed f o r  
A more use fu l  graphica l  format, which provides d i r e c t  damping readout,  
i s  presented i n  t h i s  paper and i l l u s t r a t e d  i n  f igu re  9 for t h e  Hanning trun- 
ca t ion .  The measured damping coe f f i c i en t  6% i s  p lo t t ed  against  t h e  t r u e  
damping coe f f i c i en t  6 as a func t ion  of t h e  r a t i o  of t h e  e f f e c t i v e  d a t a  
ana lys i s  bandwidth Af divided by t h e  resonant frequency. The e f f e c t i v e  
ana lys i s  bandwidth Af is  r e l a t e d  t o  t h e  maximum t runca t ion  t i m e  T by m 
1 Af = - 
2Tm 
The measured damping coe f f i c i en t  6% i s  defined by 
6% = 2 (E) 
where p i s  t h e  radius of curvature a t  resonance, and 
ds  i s  t h e  arc l eng th  at resonance contained wi th in  
t h e  frequency i n t e r v a l  of di^ 
It can be observed t h a t  as t h e  maximum t runca t ion  time becomes l a r g e ,  
t h e  measured viscous damping coe f f i c i en t  approaches t h e  t r u e  va lue .  
This method of obtaining t h e  damping from t h e  truncation-affected single- 
degree-of-freedom system Nyquist p l o t s  has been computerized f o r  p o t e n t i a l  
use i n  real-time ana lys i s .  The number of i t e r a t i o n s  requi red  t o  converge t o  
t h e  cor rec t  damping f r o m t h e  estimated damping i s  i l l u s t r a t e d  i n  f i g u r e  10 .  
The convergence i s  ca r r i ed  out i n  two or t h r e e  sequences and is  very rap id .  
The number of s t eps  i n  t h e  i n i t i a l  sequence i s  se lec ted  t o  speed up t h e  
i t e r a t i o n ,  e spec ia l ly  i n  cases of severe t runca t ion .  
The damping of  t h e  free decay record ( f i g .  2 )  as obtained by t h e  comput- 
e r i zed  method for t h e  "do-nothing", Hanning, and B a r t l e t t  t runca t ions ,  a 
l e a s t  squares f i t  t o  t h e  free decay, and t h e  res tored  Nyquist p l o t  method 
( f i g .  11) a r e  summarized i n  t a b l e  2.  The method of r e s to r ing  the  Nyquist 
( re f .  9)  p l o t  involves t h e  weighting of t h e  decay with a known exponential 
weighting t o  meet t he  requi red  55  dB dynamic range c r i t e r i a  (ref.  10) for 
t h e  decay. Analysis i s  t h e r e a f t e r  ca r r i ed  out conventionally and t h e  damping 
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corresponding t o  t h e  exponential  weighting i s  subtracted from t h e  measured 
damping t o  arrive a t  t h e  t rue modal damping. It is more common t o  apply t h e  
exponent ia l  weighting funct ion t o  t h e  c o r r e l a t i o n  funct ion.  This method has 
been used i n  f l i g h t  f l u t t e r  t e s t i n g  i n  England ( r e f .  11). The r e s u l t s  from 
t h e  ana lys i s  of t h e  one-second decay record i n d i c a t e  t h e  ex is tence  of a 
lower bound on t h e  accuracy f o r  t h e  above frequency domain ana lys i s  methods. 
TRUNCATION I N  POWER SPECTRAL DENSITY 
A method based on the  c ross -spec t ra l  ana lys i s  previously discussed w a s  
developed t o  p r e d i c t  t h e  t runca t ion  e f f e c t  i n  power s p e c t r a l  dens i ty  (PSD) 
ana lys i s .  The e f f e c t  of t h e  t runca t ion  on t h e  normalized PSD i s  i l l u s t r a t e d  
i n  f i g u r e  1 2  f o r  t h e  Hanning weighting. A computer program w a s  developed t o  
obta in  t h e  damping from the  3 dB poin ts  by using t h e  quadra t ic  curve f i t .  
A graphica l  method f o r  obtaining t h e  t r u e  damping c o e f f i c i e n t  6 from t h e  
A 
measured damping c o e f f i c i e n t  6 f o r  various r a t i o s  of  e f f e c t i v e  ana lys i s  
bandwidth t o  resonant  frequency i s  i l l u s t r a t e d  i n  f i g u r e  13. 
A Hanning smoothed power s p e c t r a l  dens i ty  p lo t  of a t y p i c a l  a i r c r a f t  
response t o  high-speed bu f fe t  i s  i l l u s t r a t e d  i n  f i g u r e  1 4 .  Due t o  t h e  very 
high speed, no r e l i a b l e  f l u t t e r  t e s t  da t a  a r e  ava i l ab le  f o r  comparison. The 
ana lys i s  bandwidth of 0.5 Hz produces a t runca t ion  error i n  t h e  two predom- 
inant  modes at 10.2 Hz and 14 .6  Hz. On allowing f o r  t h e  t runca t ion  e f f e c t ,  
t h e  viscous damping c o e f f i c i e n t s  from t h e  measured 3 dB po in t  values of 0.11 
and 0.044 are reduced to 0.068 and 0.02 f o r  t h e  two frequencies ,  r e spec t ive ly .  
This method s u f f e r s  from t h e  same inaccuracies  as t h e  modulus methoa pre- 
v ious ly  discussed.  It does, however, provide an ind ica t ion  of t h e  damping 
where none previously ex i s t ed .  
FAST FOURIER TRANSFORM AND TRUNCATION 
The above methods have been b a s i c a l l y  developed f o r  t h e  Blackman and 
Tuckey type of' ana lys i s  ( r e f .  7 ) .  Truncation e f f e c t s  occur a l s o  i n  t h e  fas t  
Four ie r  transform (FFT) method of ana lys i s .  An ind ica t ion  as t o  t h e  type of 
t runca t ion  p resen t  i n  FFT ana lys i s  o f  cross  spec t r a  i s  obtained from r e f e r -  
ence 12* E [Sxy(f,T,k)] i s  given by The expected c ross -spec t ra l  es t imate  
A s  t h e  c ross -cor re la t ion  funct ion of a single-degree-of-freedom system 
exc i ted  by white no i se  i s  one s ided ,  as previously d iscussed ,  it i s  concluded 
t h a t  t h e  est imated c ross  spectrum obtained from FFT ana lys i s  i s  subject  t o  
E a r t l e t t  t runca t ion  e r r o r s .  
1 2  3 
The e f f e c t  o f  t r u n c a t i o n  on t h e  normalized PSD and c r o s s  s p e c t r a l  peak 
response i s  i l l u s t r a t e d  i n  f i g u r e  15  as a func t ion  of  t h e  resonant  frequency 
m u l t i p l i e d  by t h e  m a x i m u m  t i m e  de lay  and t h e  viscous damping c o e f f i c i e n t ,  
f, Tm 6 e 
reaches u n i t y  near  f, Tm 6 = 1. 
c r i t e r i a  f o r  c ros s - spec t r a l  a n a l y s i s  e s t a b l i s h e d  i n  r e fe rence  9 , but  a l s o  t o  
t h e  r u l e  of thumb f o r  PSD r e s o l u t i o n  f o r  t h e  a n a l y s i s  bandwidth t o  be one- 
f o u r t h  of t h e  3 dB po in t  response  bandwidth. 
It i s  observed t h a t  f o r  t h e  "do-nothing" t r u n c a t i o n ,  t h e  curve 
This corresponds not only t o  t h e  damping 
At t en t ion  i s  drawn t o  t h e  f a c t  t h a t  t h e  Bar t le t t  t r u n c a t i o n  curve con- 
verges  t o  u n i t y  ve ry  slowly. Thus t h e  use  o f  c ros s -co r re l a t ion  func t ions  
obta ined  from t h e  i n d i r e c t  method of first computing t h e  s p e c t r a  us ing  t h e  
FFT and then  t ransforming  t o  t i m e  domain, w i l l  not on ly  have t h e  Bar t le t t  
t r u n c a t i o n  e r r o r  b u t  a l s o  an  a d d i t i o n a l  t r u n c a t i o n  e r r o r  i n  t ransforming  
from t h e  frequency domain t o  t h e  t i m e  domain. These t r u n c a t i o n  e r r o r s  i n  
c o r r e l a t i o n  func t ions  are d i scussed  i n  r e f e r e n c e s  13,  14 and 1 5 .  
l a r g e  number of  t r ans fo rma t ion  po in t s  must be used i n  determining t h e  co r re l a -  
t i o n  func t ion  through t h e  i n d i r e c t  method. 
Thus a very 
CONCLUSION 
Methods f o r  e l imina t ing  t r u n c a t i o n  e r r o r s  from modal frequency and 
damping d a t a  have been presented  f o r  t h e  c ros s -  and power-spectral  a n a l y s i s .  
These methods have t h e  p o t e n t i a l  f o r  use  i n  a computer / tes t  engineer  i n t e r -  
a c t i v e  mode, f o r  random and impulsive-type response d a t a  a n a l y s i s .  Future  
work w i l l  i nc lude  an eva lua t ion  of  t h e  methods aga ins t  s imulated and real  
f l u t t e r  t e s t  d a t a  wi th  b u f f e t  and turbulence  e x c i t a t i o n  and t h e  s tudy  of 
t r u n c a t i o n  e f f e c t s  i n  FFT-type a n a l y s i s  involv ing  m u l t i p l e  Four ie r  t ransform 
opera t  ions .  
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TABLE 1. VISCOUS DAMPING COEFFICIENT OF TRUNCATED 
PLOTS DETERMINED BY USING EQUATION (10). 
Decay 
T i m e ,  "Do-Nothing" Hanning 
Seconds Truncat ion Truncat i on  
1 0.186 0.336 
5 0.048 0.073 
Bar t le t t  
Truncat i o n  
0.248 
0.068 
TABLE 2 .  COMPARISON OF VISCOUS DAMPING 
COEFFICIENT BY VARIOUS IviETHODS. 
Decay 




Least Restored TRUNCATION THEORY 
Square Nyquist 
Decay P l o t  "Do-Not hing " Hanni ng B a r t 1  e t t  
0.045 0.092 0.037 - 0.035- 
0.059 
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Figure 3. Modulus of t h e  Fourier  Transform 
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Figure 6 .  Spec t r a l  Windows and Weighting Functions. 
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Figure 7 .  The Effec t  of Truncation on t h e  normalized Cross 
by White Noise ,- Banning Weighting. 
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Figure 9 .  Method for Obtaining Damping from Truncation 
Affected Cross Spectra of a Single-Degree-of-Freedom 

























































Figure 12. The Effect of Truncation on the Normalized PSD of a 
Single-Degree-of-Freedom System Excited by White Noise - 












Figure 13. Correction t o  3 dB Point Measured Damping from 
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Figure 15 .  Ef fec t  of Truncation on t h e  Peak PSD and Cross Spec t r a l  
Response Resolution of a Single-Degree-of-Freedom System 
Excited by White Noise. 
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